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Physically-Based Animation

• Main Tools: 

• Programming

• Numerical Integration of Differential 
Equations

• Computer Graphics 

• 3D modeling
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Physically-Based Animation

• Main Tools: 

• Programming

• Numerical Integration of Differential 
Equations

• Computer Graphics 

• 3D modeling

• Applications:

• Special Effects (FX) for movies

• FX for TV commercials 

• Video Games
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Physically-Based Animation

Fluid Simulation: (N. Suarez-2007,  J. Ojeda-2013 )
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Physically-Based Animation
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Physically-Based Animation

Fluid Simulations: (J. Ojeda-2013, N. Suarez-2007)

Animation: (V. Costa-Orvalho 2007, J. Rodríguez 2008, J. R. Nieto 2013)
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Character Animation

Retargeting Facial Animation: (V. Costa-Orvalho, A. Susín 2007) 
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Physically-Based Animation

Medicine: (O. García-2004, G. Fortuny-2009, J. Roca-2010)
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Physically-Based Animation

Medicine: (O. García-2004, G. Fortuny-2009, J. Roca-2010)

Image-Based Modeling: (M. Sainz 2003)
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Physically-Based Animation

Motion Capture (A. Baena 2013 – S. Mutlu 2010) 

Augmented Reality (K. Anglès-2011)
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• Robust Time-coherent solution
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Deformable Objects

• Rigid Bodies

• Deformable Bodies
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Deformable Objects
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Deformable Objects
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Deformable Objects
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Continuum Mechanics

• Deformation map: 𝐏: ℝ3 ℝ3, 𝐩 = 𝐏(x)

Magnitudes:

• Displacements:  Motion of each point

𝐮 x = 𝐏 x − x

• Strain:  Relative elongation (or compression) of the 
material.     

𝛆 = 𝛆(x)

• Stress: Force per unit area.
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𝛔 = 𝛔 x



Continuum Mechanics

• Constitutive Laws:      Stress - Strain
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Continuum Mechanics
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Continuum Mechanics
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Continuum Mechanics

• For linear Isotropic materials:
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Continuum Mechanics

• Constitutive Laws:      Strain - Displacements

Strain Tensor:

𝛆G =
1

2
(𝛻𝐮 + 𝛻𝐮T + 𝛻𝐮T· 𝛻𝐮)

𝛆G =
1

2
(𝛻𝐮 + 𝛻𝐮T)
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Continuum Mechanics

• Dynamical model:

ρ ሷ𝒖 = 𝐟elast + 𝐟ext

ρ ሷ𝒖 = 𝛻 · 𝛔 + 𝐟ext

Numerical solution:

- Finite Element Method

- Implicit Euler Method 30

Second order 
hyperbolic PDE
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Finite Element Method

• Represent the geometry of the model by a set of finite 
elements.

32[Jin Huang et al, 2009] [Müller et al., 2008]



Finite Element Method

• Interactive simulation of deformable solids using Finite 
Element Methods (FEM).

• Use a coarse mesh for simulation.
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[O.Civit-F, A.Susin, 2016]



Linear FEM

• Linear Tetrahedral elements:

Using barycentric coordinates, 𝛂

𝐱 = 𝐱𝟏 − 𝐱𝟎 𝐱𝟐 − 𝐱𝟎 𝐱𝟑 − 𝐱𝟎 · 𝛂
𝐩 = 𝐩𝟏 − 𝐩𝟎 𝐩𝟐 − 𝐩𝟎 𝐩𝟑 − 𝐩𝟎 · 𝛂

and then
𝐩 = 𝐩𝟏 − 𝐩𝟎 𝐩𝟐 − 𝐩𝟎 𝐩𝟑 − 𝐩𝟎 · 𝐱𝟏 − 𝐱𝟎 𝐱𝟐 − 𝐱𝟎 𝐱𝟑 − 𝐱𝟎 −1 · 𝐱
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Linear FEM

Deformation map for each element: (3x3 matrix)

𝐏 = 𝐩𝟏 − 𝐩𝟎 𝐩𝟐 − 𝐩𝟎 𝐩𝟑 − 𝐩𝟎 · 𝐱𝟏 − 𝐱𝟎 𝐱𝟐 − 𝐱𝟎 𝐱𝟑 − 𝐱𝟎 −1

𝐩 = 𝐏 · 𝐱 linear map

𝐮 = 𝐏 · 𝐱 − 𝐱, 𝛁𝐮 = 𝐏 − 𝐈,

𝜺 =
𝟏

𝟐
(𝛁𝐮 + 𝛁𝐮T)

𝝈 = E𝜺
35

constant

Displacements

Strain (Cauchy)

Stress



Linear FEM
Fast but only appropriate for small deformations. Increase 
volume under large rotational deformations.
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Co-rotational  FEM
Non-Linear approach consisting on decoupling rotation from the 
deformation map in order to correct the increasing volume problem. 
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Co-rotational  FEM
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Non-Linear approach consisting on decoupling rotation from the 
deformation map in order to correct the increasing volume problem. 



Co-rotational  FEM
Decouple rotation from the deformation map in order to correct 
the increasing volume problem. 
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Decomposition methods

• Transformation Matrix
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𝐏



Decomposition methods

• Transformation Matrix

• Numerical Decomposition Methods: 

• QR:   𝐏 = RS

R orthogonal: Rotation Matrix

(Gram-Schmidt orthogonalization)
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𝐏



Decomposition methods

• Transformation Matrix

• Numerical Decomposition Methods: 

• QR:

• SVD:        𝐏 = UDVT

UVT orthogonal ≡ Rotation Matrix
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𝐏



Decomposition methods

• Transformation Matrix

• Numerical Decomposition Methods: 

• QR:

• SVD:

• Polar Decomposition: 

43
R0 = 𝐏, Rk+1 =

1

2
(Rk + Rk

−T)

Rk+1 ≈ Rk ≡ Rotation Matrix

𝐏
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• Deformable objects
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Inverted Elements

Element degeneration threatens robustness and realism:
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Inverted Elements

Element degeneration threatens robustness and realism:

48

𝐱𝟎

𝐱𝟏

𝐱𝟐

𝐱𝟑



Inverted Elements

Element degeneration threatens robustness and realism:
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Inverted Elements

Element degeneration threatens robustness and realism:
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Inverted Elements

Element degeneration threatens robustness and realism:
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Inverted Elements
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V =
1

6
det(𝐱𝟑 − 𝐱𝟎, 𝐱𝟐 − 𝐱𝟎, 𝐱𝟏 − 𝐱𝟎)

Element Volume

V ≈ 0 Collapse configuration

V < 0 Inverted configuration



Inverted Elements

Element degeneration threatens robustness and realism:

• We identify issues with existing degenerate element 
treatment schemes
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Contribution

Element degeneration threatens robustness and realism:

• We identify issues with existing degenerate element 
treatment schemes

• We propose a new method that avoids them
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Forces on Inverted Elements
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𝐟 = 𝐑𝐊(𝐑𝐓𝐱 − 𝐩)

Corotational Force 2D



Forces on Inverted Elements
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𝐟 = 𝐑𝐊(𝐑𝐓𝐱 − 𝐩)

Corotational Force 2D

3

f

3
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Forces on Inverted Elements
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QR



Forces on Inverted Elements
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SVD



Forces on Inverted Elements
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𝐟 = 𝐑𝐊(𝐑𝐓𝐱 − 𝐩)

Corotational Force 2D

QR SVD



Forces on Inverted Elements
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𝐟 = 𝐑𝐊(𝐑𝐓𝐱 − 𝐩)

Corotational Force 3D

SVD



Robust Time-consistent Solution

Two main sources of problems

• Existence of critical points in the computation 
of R
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Robust Time-consistent Solution

Two main sources of problems

• Existence of critical points in the computation 
of R

• Discrete-time heuristic degeneration direction
(Final shortest distance is not enough )
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Robust Time-consistent Solution
• Recovering Direction:   መ𝑑𝑐 normal to the collapse 

edge.

• First compute time to collapse 𝑡𝑐
• Use this to identify proper collapse configuration and 

define a time-consistent degeneration direction መ𝑑𝑐

63



Robust Time-consistent Solution
• Projection or Reflection solution: Rotation from 

a non-degenerate configuration
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Robust Time-consistent Solution
• Projection or Reflection solution: Rotation from 

a non-degenerate configuration

65Projection Reflection



Results:

• Recovering Trajectories
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Results:
• Degenerate examples:
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Final shapeInitial deformation



Results:

• Examples
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Results:

• Video:
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Results:
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Thanks!!
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Results:
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Results:
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